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Abstract
For graphs G andG′ with minimum degree at least k, when k4, we prove that any isomorphism
from the Pk-graph Pk(G) onto Pk(G′) can be induced by a (vertex-)isomorphism of G onto G′ .
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Broersma and Hoede [1] generalized the concept of line graphs and introduced the
concept of path graphs. We follow their terminology and give the following deﬁnition. Let
Pk and Ck denote, respectively, a path and a cycle with k vertices. Denote by k(G) the
set of all Pk’s in G. The path graph Pk(G) of a graph G has vertex set k(G) and edge
set Ek(G) with the property that for any H,K ∈ k(G) there is an edge HK ∈ Ek(G)
if and only if there is a Pk−1 of G in H ∩ K , and H ∪ K is either a Pk+1 or a Ck in
G. The way of describing a line graph stresses the adjacency concept, whereas the way
of describing a path graph stresses the concept of path generation by consecutive paths.
For a graph transformation, there are two general problems [2]. We state them here for the
Pk-transformation.
Characterization Problem: Characterize the graphs that are Pk-graphs of some graphs.
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Fig. 1.
Determination Problem: Determine which graphs have a given graph as their Pk-graphs.
In this paper, we will mainly consider the Determination Problem of Pk-graphs for k4.
For P2-graphs, i.e., line graphs, there is a well-known result concerning the Determination
Problem: if G and G′ are connected and have isomorphic line graphs, then G and G′ are
isomorphic unless one is K1,3 and the other is K3. This result is due to Whitney [7]. For
the Determination Problem of P3-graphs, Broersma and Hoede found two pairs of and two
classes of non-isomorphic connected graphs with isomorphic connected P3-graphs, see [1].
These examples suggest that to obtain a similar counterpart with respect to P3-graphs for
Whitney’s result on line graphs seems to be very difﬁcult. In [5], we proved that the P3-
transformation is one to one for all graphs with 4. Later in [6], we proved this for all
graphs with 3.
For the Determination Problem of Pk-graphs, we can easily give some pairs of non-
isomorphic connected graphs with isomorphic Pk-graphs. Finally, Hemminger and co-
authors [8] completely solved the determination problem for k = 3 by characterizing all
P3-isomorphisms from (G) toG′. Denoted by A,B andGk the graphs are shown in Fig. 1.
One can see that P4(A)=C4=P4(C4), P4(B)=3C4=P4(K4), whereK4 is a complete
graph with 4 vertices, and 3C4 is the graph obtained by taking three disjoint copies of C4
together. Pk(Gk) = C4k−8 = Pk(C4k−8) for k4. Pk(Sk−2(K1,3)) = C3k−3 = Pk(C3k−3)
for k2, where the subdivision graph Sn(G) of a graph G is the graph resulting from G by
subdividing every edge of G n times. It is not difﬁcult to ﬁnd more pairs of non-isomorphic
connected graphs with isomorphic connected Pk-graphs. However, to characterize all pairs
of such graphs is also a very difﬁcult problem. By observing the above examples, we
conjecture that for graphs with minimum degree at least k, the Pk-transformation (k4) is
one to one. In the following sections, we will prove this conjecture.
Remark. In [1] the authors pointed out that they did not know whether there exist triples
of mutually non-isomorphic connected graphs with isomorphic connected P3-graphs. Al-
though we have not found such triples for P3-graphs, we did ﬁnd one such triple for
connected P5-graphs. In fact, if we take k = 5 in the above examples, then P5(G5) =
P5(S3(K1,3) = P5(C12) = C12 and the graphs in the triple {G5, S3(K1,3), C12} are mu-
tually non-isomorphic connected ones. Actually, let  be an integer and  +  =  be a
non-negative 2-partition of , then we can get [/2] + 1 non-isomorphic trees as shown in
Fig. 2. Obviously, for k4 the Pk-graphs of all these [/2] + 1 trees are isomorphic to the
star K1,. So, for k4 there exist arbitrarily many non-isomorphic connected graphs with
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isomorphic connected Pk-graphs, as  goes arbitrarily large. This gives us some idea that
we might be able to ﬁnd such triples for P3-graphs.
2. Preliminaries
In what follows, all graphs are connected and simple. As usual, d(u) denotes the degree
of a vertex u and N(u) denotes the neighborhood of u. For a non-negative integer d, we
denote by Gd the class of all connected simple graphs with minimum degree at least d.
We will follow the treatment of [5] for P3-graphs, which in turn reﬂects Jung’s ideas in
[4] and Beineke and Hemminger’s treatment in [3], to introduce the following notations
and obtain the corresponding results.
A graph isomorphism from G to G′ is a bijection f : V (G) → V (G′) such that two
vertices are adjacent in G if and only if their images are adjacent in G′. We let (G,G′)
denote the set of all isomorphisms of G onto G′.
An edge isomorphism fromG toG′ is a bijection f : E(G) → E(G′) such that two edges
are adjacent in G if and only if their images are adjacent in G′. We let e(G,G′) denote
the set of all edge isomorphisms from G toG′, and it is easy to see that (L(G), L(G′))=
e(G,G′). We shorten (Pk(G), Pk(G′)) to k(G,G′) and call the members Pk-
isomorphisms. Obviously, 1(G,G′)= (G,G′) and 2(G,G′)= e(G,G′).
Let f ∈ (G,G′) and x1x2 · · · xk be a Pk-path in G, then f (x1)f (x2) · · · f (xk) is
a Pk-path in G′. We deﬁne a mapping f ∗ : k(G) → k(G′) by f ∗(x1x2 · · · xk) =
f (x1)f (x2) · · · f (xk) and call f ∗ the mapping (∗)-induced by f . We let ∗k(G,G′) ={f ∗|f ∈ (G,G′)}.
Note that f ∗ is not deﬁned for a connected graph unless it has at least one Pk-path. Also
note that the two isomorphisms of the graph Pk induce the same ∗-function.
As a consequence of Theorems 2.4 and 3.2 of [3], we have
Theorem 1. If G and G′ are connected graphs with |V (G)| and |V (G′)| at least 5,
then the mapping T given by T (f ) = f ∗ is a bijection of (G,G′) onto 2(G,G′), or
e(G,G′).
Theorem 2. Let G,G′ ∈ Gk (k3). Then we have that
(1) ∗k(G,G′) ⊆ k(G,G′).
(2) the mapping T : (G,G′) → ∗k(G,G′) given by T (f )= f ∗ is one-to-one.
74 X. Li, B. Zhao / Discrete Mathematics 289 (2004) 71–80
Fig. 3.
Proof. (1) From the deﬁnition of the mapping f ∗, it is not difﬁcult to see that f ∗ is a
bijection fromk(G) tok(G′).
Now we prove that f ∗ preserves adjacency and non-adjacency. Let H,K ∈ k(G)
with H = u1u2 · · · uk and K = v1v2 · · · vk . If H is adjacent to K in Pk(G), without loss
of generality, let ui+1 = vi for 1 ik − 1. Then f ∗(H) = f (u1)f (u2) · · · f (uk) and
f ∗(K)=f (v1)f (v2) · · · f (vk)which arePk-paths inG′. Since f ∈ (G,G′), we have that
f (ui+1)=f (vi) for 1 ik−1, i.e.,f ∗(H)∩f ∗(K)=f (u2) · · · f (uk)=f (v1) · · · f (vk−1)
which is a Pk−1 inG′. Then f ∗(H)∪f ∗(K)=f (u1)f (u2) · · · f (uk)f (vk)=f (u1)f (v1)
f (v2) · · · f (vk) which is either a Pk+1 or a Ck in G′. So, f ∗(H) is adjacent to f ∗(K) in
Pk(G
′).
If H is not adjacent to K, then nor do f ∗(H) and f ∗(G) inG′. Otherwise, let f ∗(H) and
f ∗(G) be adjacent inG′. There is no harm in letting f ∗(H)∩f ∗(K)=f (u1) · · · f (uk−1)=
f (v1) · · · f (vk−1), which is a Pk−1 in G′. Since f ∗(H) ∪ f ∗(K) is either a Pk+1 or a Ck
in G′, then f (ui) = f (vk−i ) for 1 ik − 1. As f ∈ (G,G′), we have that ui = vk−i
for 1 ik− 1. So, H is adjacent to K in G, this is a contradiction. Thus, we have got that
∗(G,G′) ⊆ k(G,G′).
(2) Let f1, f2 ∈ (G,G′) and f1 = f2. We distinguish the following two cases.
Case 1: k is odd. There exists a vertex u such that f1(u) = f2(u). We will use the fact
that any graph with minimum degree  always contains a path with at least +1 vertices, to
complete the proof. Since G ∈ Gk , it is easy to ﬁnd a P(k+1)/2uv1v2 · · · v(k−1)/2 in G. Let
Gu be a connected component in G\{v1, v2, . . . , v(k−1)/2} containing the vertex u. Since
G ∈ Gk , we have thatGu ∈ G(k−1)/2. It is also easy to ﬁnd a P(k+1)/2uu(k−1)/2 · · · u2u1 in
Gu. Then u1u2 · · · u(k−1)/2uv1v2 · · · v(k−1)/2 is a Pk in G with middle vertex u. Obviously,
f ∗1 (u1u2 · · · u(k−1)/2uv1v2 · · · v(k−1)/2) = f ∗2 (u1u2 · · · u(k−1)/2uv1v2 · · · v(k−1)/2).
Case 2: k is even. From Theorem 1, there is an edge uv in G such thatf1(u)f1(v) =
f2(u)f2(v). By a method similar to that used in Case 1, we can ﬁnd a Pk u1u2 · · · u(k−2)/2
uvv1v2 · · · v(k−2)/2 with middle edge uv. Then f ∗1 (u1u2 · · · u(k−2)/2uvv1v2 · · · v(k−2)/2) =
f ∗2 (u1u2 · · · u(k−2)/2uvv1v2 · · · v(k−2)/2).
By the above two cases, we know that the mapping T is one-to-one. 
In order to prove our conjecture, we need the following deﬁnitions.
For f ∈ k−2(G,G′) with k4, let u1u2 · · · uk be a Pk in G. In general, the graph-
union f (u1 · · · uk−2) ∪ f (u2 · · · uk−1) ∪ f (u3 · · · uk) need not be a Pk in G′. For ex-
ample, let G be a Pk , and let G′ be as in Fig. 3. We deﬁne a mapping f : k−2(G)
→ k−2(G′) by f (u1u2 · · · uk−2) = v3 · · · vk−1v1, f (u2 · · · uk−2uk−1) = v2v3 · · · vk−1
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and f (u3 · · · uk−1uk)= v3 · · · vk−1vk . Obviously, f ∈ k−2(G,G′), but f (u1 · · · uk−2) ∪
f (u2 · · · uk−1) ∪ f (u3 · · · uk) need not be a Pk in G′.
Let f ∈ k−2(G,G′), k4, and u1u2 · · · uk be any Pk inG, and let v1v2 · · · vk be any Pk
inG′. If f (u1 · · · uk−2)∪f (u2 · · · uk−1)∪f (u3 · · · uk) is aPk inG′, and f−1(v1 · · · vk−2)∪
f−1(v2 · · · vk−1) ∪ f−1(v3 · · · vk) is a Pk in G, then we deﬁne a mapping f+ : k(G)→
k(G′) by f+(u1u2 · · · uk)= f (u1 · · · uk−2)∪ f (u2 · · · uk−1)∪ f (u3 · · · uk) and call f+
the mapping (+)-induced by f. We let +k (G,G′)= {f+|f ∈ k−2(G,G′)}.
Note that f+ is not deﬁned for a connected graph unless it has at least one Pk .
Theorem 3. Let G,G′ ∈ Gk (k4). Then +k (G,G′) ⊆ k(G,G′).
Proof. Let f+ be (+)-induced by f ∈ k−2(G,G′). From the deﬁnition of the mapping
f+, it is easy to see that f+ is a bijection fromk(G) tok(G′). Like in the proof of The-
orem 2, we will prove that f+ preserves adjacency and non-adjacency. LetH,K ∈ k(G)
withH=u1u2 · · · uk andK=v1v2 · · · vk . Then f+(H)=f (u1 · · · uk−2)∪f (u2 · · · uk−1)∪
f (u3 · · · uk), f+(K)= f (v1 · · · vk−2) ∪ f (v2 · · · vk−1) ∪ f (v3 · · · vk).
IfH,K are adjacent inG, thenH∩K is aPk−1 inG, without loss of generality, letui+1=vi
for 1 ik − 1. f+(H) ∩ f+(K) = f (u2 · · · uk−1) ∪ f (u3 · · · uk) = f (v1 · · · vk−2) ∪
f (v2 · · · vk−1), which is a Pk−1 inG′. Since f ∈ k−2(G,G′), and by the deﬁnition of the
mapping f+, we have that f+(H) ∪ f+(K) is either a Pk or a Ck in G′, i.e., f+(H) and
f+(K) are adjacent in G′.
If H and K are not adjacent in G, then nor do f+(H) and f+(K) in G′. Otherwise,
let f+(H) be adjacent to f+(K), then f+(H) ∩ f+(K) is a Pk−1 in G′. Without loss
of generality, let f+(H) ∩ f+(K) = f (u2 · · · uk−1) ∪ f (u3 · · · uk) = f (v1 · · · uk−2) ∪
f (v2 · · · vk−1). Since f ∈ k−2(G,G′), then ui+1 = vi , for 1 ik − 1, or ui+1 = vk−i ,
for 1 ik−1.And f+(H)∪f+(K)=f (u1 · · · uk−2)∪f (u2 · · · uk−1)∪f (u3 · · · uk)∪
f (v3 · · · vk) = f (u1 · · · uk−2) ∪ f (v1 · · · vk−2) ∪ f (v2 · · · vk−1) ∪ f (v3 · · · vk), which is
either a Pk+1 or a Ck inG′. If ui+1=vk−i , for 1 ik−1, then f (u2 · · · uk−1) is adjacent
to f (v3 · · · vk).This contradicts that f (u2 · · · uk−1) and f (v3 · · · vk) are not adjacent inG′.
Hence ui+1 = vi , for 1 ik − 1, i.e., H ∩K = u2 · · · uk = v1 · · · vk−1. So H is adjacent
to K in G, a contradiction. This completes the proof. 
Let Pk = u1u2 · · · uk ∈ k(G), k3, then u2u3 · · · uk−1 is called the middle Pk−2
of the Pk path u1u2 · · · uk . If P ′k and P ′′k ∈ k(G), and P ′k is adjacent to P ′′k in Pk(G),
then the middle Pk−2 of P ′k and P ′′k are adjacent in Pk−2(G), and form a Pk−1 in G.
We let S(u2u3 · · · uk−1) denote the set of all the Pk with a common middle Pk−2 =
u2u3 · · · uk−1 . Any subset of S(u2u3 · · · uk−1) is called a generalized double star, or a
GDS, at u2u3 · · · uk−1. A mapping f : k(G) → k(G′) is called GDS-preserving if the
set f (S(u2u3 · · · uk−1)) is a GDS in G′ for every Pk−2 = u2u3 · · · uk−1 of G.
For the case k = 4, we speak of middle edge, double star, double star-preserving instead
speaking of middle Pk−2-path, generalized double star (GDS), GDS-preserving.
Theorem 4. Let G,G′ ∈ Gk , k4, and let f ∈ k(G,G′). Then f is (+)-induced by
a Pk−2-isomorphism from G to G′ if and only if f and f−1 are GDS-preserving Pk-
isomorphisms.
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Proof. FromTheorem3,we know that if f is (+)-induced by anPk−2-isomorphism fromG
toG′, then f is aPk-isomorphism fromG toG′. Let f be (+)-induced by f˜ ∈ k−2(G,G′),
and u1u2 · · · uk−1uk a Pk in G. By the deﬁnition of (+)-induced, f (u1u2 · · · uk−1uk) =
f˜ (u1u2 · · · uk−1) ∪ f˜ (u2 · · · uk−1) ∪ f˜ (u2 · · · uk−1uk), and f˜ (u2 · · · uk−1)is the middle
Pk−2 of f (u1u2 · · · uk−1uk). So f (S(u2 · · · uk−1)) ⊆ S(f˜ (u2 · · · uk−1)). This proves the
necessity.
For the sufﬁciency, let f and f−1 be GDS-preserving Pk-isomorphisms. Thus, for each
Pk−2 path u · · · v in G, there exists an Pk−2 path u′ · · · v′ in G′ such that f (S(u · · · v)) ⊆
S(u′ · · · v′). Moreover, u′ · · · v′ is unique for u · · · v. Otherwise, let f (S(u · · · v)) ⊆
S(u′ · · · v′) and f (S(u · · · v)) ⊆ S(u′′ · · · v′′). If u′ · · · v′ = u′′ · · · v′′, then f (S(u · · · v)) ⊆
S(u′ · · · v′)∩S(u′′ · · · v′′)=∅. SinceG ∈ Gk then f (S(u · · · v)) = ∅, which is a contradic-
tion. Since f (S(u · · · v)) ⊆ S(u′ · · · v′) and G′ ∈ Gk , we must have f−1(S(u′ · · · v′)) ⊆
S(u · · · v). Therefore, f (S(u · · · v)) = S(u′ · · · v′) and f−1(S(u′ · · · v′)) = S(u · · · v). We
conclude that the functionf determines awell-deﬁned function f˜ : k−2(G) → k−2(G′)
for which f (S(u · · · v)) = S(f˜ (u · · · v)). It is not difﬁcult to see that f˜ is a
bijection.
Now we prove that f˜ preserves adjacency and non-adjacency. Let u1u2 · · · uk−2 and
u2 · · · uk−2uk−1 be Pk−2’s in G.
Case 1: If u1u2 · · · uk−2uk−1 is a Pk−1 in G, i.e., u1 = uk−1, then there is a P ′k ∈
S(u1u2 · · · uk−2), which is adjacent to a P ′′k ∈ S(u2 · · · uk−2uk−1). Since f is a Pk-
isomorphism and f (S(u1u2 · · · uk−2)) = S(f˜ (u1u2 · · · uk−2)) as well as f (S(u2 · · · uk−2
uk−1))=S(f˜ (u2 · · · uk−2uk−1)), then f (P ′k) in S(f˜ (u1u2 · · · uk−2)) is adjacent to f (P ′′k ) in
S(f˜ (u2 · · · uk−2uk−1)).This implies that f˜ (u1u2 · · · uk−2) is adjacent to f˜ (u2 · · · uk−2uk−1)
in G′, moreover f˜ (u1u2 · · · uk−2) ∪ f˜ (u2 · · · uk−2uk−1) is a Pk−1 in G′.
Case 2: If u1u2 · · · uk−2uk−1 is a Ck−2 in G, i.e., u1 = uk−1, then, for the vertex u2,
there exist three vertices in V (G), ti ∈ N(u2) and ti = u1(=uk−1), for i = 1, 2, 3 such
that tiu2 · · · uk−2 are Pk−2’s in G, sinceG ∈ Gk , k4. Then the union of tiu2 · · · uk−2 and
u2 · · · uk−2uk−1 are Pk−1’s in G, for i = 1, 2, 3. By the result of Case 1, f˜ (tiu2 · · · uk−2)∪
f˜ (u2 · · · uk−2uk−1) are Pk−1’s in G′, for i = 1, 2, 3. Among the three Pk−2’s of G
f˜ (tiu2 · · · uk−2), for i = 1, 2, 3, there exist at least two paths which have common Pk−3,
say, f˜ (t1u2 · · · uk−2) and f˜ (t2u2· · · uk−2). Let f˜ (u2 · · · uk−2uk−1)= u′2 · · · u′k−2u′k−1. We
can let f˜ (tiu2 · · · uk−2)= t ′iu′2 · · · u′k−2, for i = 1, 2. For the vertex uk−2, the discussion is
the same as that for u2. SinceG ∈ Gk , k4, there are three vertices in V (G), si ∈ N(uk−2)
and si = uk−1(=u1), for i=1, 2, 3, such that u2 · · · uk−2si are Pk−2’s inG. Then the union
of u2 · · · uk−2si and u1u2 · · · uk−2 are Pk−1’s in G, for i = 1, 2, 3. Let f˜ (u1u2 · · · uk−2)=
u′′1u′′2 · · · u′′k−2.Without loss of generality, we can have that f˜ (u2 · · · uk−2s1)=u′′2 · · · u′′k−2s′′1
and f˜ (u2 · · · uk−2s1)=u′′2 · · · u′′k−2s′′1 , which have a common Pk−3. For {t1, t2} and {s1, s2},
we can say that t1 = s1 and t2 = s2. Again from the result in Case 1, we have got that
f˜ (t1u2 · · · uk−2)∪f˜ (u2 · · · uk−2s1) is aPk−1 inG′, and f˜ (t2u2 · · · uk−2)∪f˜ (u2 · · · uk−2s2)
also. So the four Pk−2’s inG′ have a common Pk−3 path u′2 · · · u′k−2=u′′2 · · · u′′k−2, and u′i=
u′′i , for 2 ik−2 . Hence, we have that f˜ (u1u2 · · · uk−2)=u′′1u′′2 · · · u′′k−2=u′′1u′2 · · · u′k−2,
which is adjacent to f˜ (u2 · · · uk−2uk−1)= u′2 · · · u′k−2u′k−1.
Since f−1 enjoys the same properties as f , f˜ also preserves non-adjacency. So f˜ ∈
k−2(G,G′).
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Finally,we prove thatf is (+)-induced by f˜ . Letu1u2u3 · · · uk−2uk−1uk be aPk inG. Let
f (u1u2u3 · · · uk−2uk−1uk)=u′1u′2u′3 · · · u′k−2u′k−1u′k . From the deﬁnition of the function f˜ ,
we have that f˜ (u2u3 · · · uk−2uk−1)=u′2u′3 · · · u′k−2u′k−1. ForG ∈ Gk , there exists a vertex
u0 such that u0u1u2u3 · · · uk−2uk−1 is a Pk inG. f (u0u1u2u3 · · · uk−2uk−1), which has the
middle Pk−2= f˜ (u1u2u3 · · · uk−2), is adjacent to f (u1u2u3 · · · uk−2uk−1uk).Without loss
of generality, we can let f˜ (u1u2u3 · · · uk−2)= u′1u′2u′3 · · · u′k−2, i.e., f˜ (u1u2u3 · · · uk−2)∪
f˜ (u2u3 · · · uk−2uk−1) is a Pk−1 in f (u1u2u3 · · · uk−2uk−1uk). Similarly, f˜ (u2
u3 · · · uk−2uk−1) ∪ f˜ (u3 · · · uk−1uk) is also a Pk−1 in f (u1u2u3 · · · uk−2uk−1uk). For
f˜ (u1u2u3 · · · uk−2) = f˜ (u3 · · · uk−1uk), hencewehavegot thatf (u1u2u3 · · · uk−2uk−1uk)
= f˜ (u1u2u3 · · · uk−2) ∪ f˜ (u2u3 · · · uk−2uk−1) ∪ f˜ (u3 · · · uk−1uk). 
3. Main results
In this section, we give the proof of our conjecture.
Theorem 5. Let G,G′ ∈ Gk , k4. Then f ∈ k(G,G′) if and only if f is (+)-induced
by a Pk−2-isomorphism from G onto G′.
Proof. From Theorem 4, we need to prove that f ∈ k(G,G′) if and only if f and f−1
are GDS-preserving Pk-isomorphisms. The “if ” part is obvious. In the following we will
prove the “only if” part. Since G′ has the same properties as G, we need only to show that
f is GDS-preserving.
Claim 1. f is GDS-preserving if and only if f (P ′k) and f (P ′′k ) have a common middle
Pk−2, for any P ′k, P ′′k ∈ k(G) with a common Pk−1, but adjacent in path graph Pk(G).
The condition is obviously necessary. For the sufﬁciency, let u · · · vz be any Pk−2 in G,
tu · · · vzw and t ′u · · · vzw′ be twoPk’s inG.Wewill distinguish the following four possible
cases. See Fig. 4.
Case 1: The four vertices t, t ′, w and w′ are pair-wisely different. From the supposed
sufﬁciency, we know that f (tu · · · vzw) and f (tu · · · vzw′) have a common middle Pk−2,
and f (tu · · · vzw′) and f (t ′u · · · vzw′) have a common middle Pk−2. Thus, f (tu · · · vzw)
and f (t ′u · · · vzw′) have a common middle Pk−2.
Case 2: t = t ′ or w = w′. By the supposed sufﬁciency, we know that f (tu · · · vw) and
f (t ′u · · · vw′) have a common middle Pk−2.
Case 3: t = w′ but t ′ = w, or t ′ = w but t = w′. By a method similar to that used for
Case 1, we can show that f (tu · · · vw) and f (t ′u · · · vw′) have a common middle Pk−2.
Case 4: t = w′ and t ′ = w. Since G ∈ Gk , k4, there exists a vertex x ∈ N(u) such
that xu · · · vzw and xu · · · vzw′ are Pk in G. By the condition of sufﬁciency, we know
that f (tu · · · vzw) and f (xu · · · vzw) have a common middle Pk−2, f (xu · · · vzw) and
f (xu · · · vzw′) have a common middle Pk−2, and f (xu · · · vzw′) and f (t ′u · · · vzw′) have
a common middle Pk−2. Thus, f (tu · · · vzw) and f (t ′u · · · vzw′) have a common middle
Pk−2.
From these, we know that f (S(u · · · vz)) is a GDS of G′, i.e., f is GDS-preserving.
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Fig. 4.
Claim 2. Let f ∈ k(G,G′), k4, and let x1tu · · · vz, x2tu · · · vz, tu · · · vzy1 and
tu · · · vzy2 be four Pk’s of G, which have the common Pk−1 path tu · · · vz. Then both
f (x1tu · · · vz) and f (x2tu · · · vz) have a common middle Pk−2 if and only if both
f (tu · · · vzy1) and f (tu · · · vzy2) have a common middle Pk−2.
First, we prove the “only if ” part. Suppose f (x1tu · · · vz) and f (x2tu · · · vz) have a
common middle Pk−2. Let f (tu · · · vzy1)= ab · · · cde. Since f (tu · · · vzy1) is adjacent to
both f (x1tu · · · vz) and f (x2tu · · · vz) which have a common middle Pk−2, we have that
f (x1tu · · · vz)=a1ab · · · cd and f (a2tu · · · vz)=a2ab · · · cd. Moreover, f (tu · · · vzy2) is
adjacent to both f (x1tu · · · vz) and f (x2tu · · · vz), thus f (tu · · · vzy2) = ab · · · cde′. So,
f (tu · · · vzy1) and f (tu · · · vzy2) have a common middle Pk−2.
By a proof similar to that used for the “only if ” part, the “if ” part follows.
Claim 3. Let f ∈ 4(G,G′) and x1tuv, x2tuv, tuvy1, and tuvy2 be four P4’s in G. If
f (x1tuv) and f (x2tuv) have no commonmiddle edge then f (x1tuv), f (x2tuv), f (tuvy1),
and f (tuvy2) form a C4 in G′.
From Claim 2, we have that f (tuvy1) and f (tuvy2) do not have a common middle
edge. Let f (x1tuv)= abcd. Since both f (tuvy1) and f (tuvy2) are adjacent to f (x1tuv),
we have that f (tuvy1) = f abc and f (tuvy2) = bcde. Since f (x2tuv)is adjacent to both
f (tuvy1) and f (tuvy2), the middle edge of f (x2tuv)must be a common edge of f (tuvy1)
and f (tuvy2). However, the edge be is not the middle edge of f (x2tuv), so f a = de is
the middle edge of f (x2tuv), i.e., f = d, e = a. Thus, we have that f (tuvy1) = dabc,
f (tuvy2)= bcda and f (x2tuv)= cdab.
Now we show that f satisﬁes the condition of Claim 1.
Let x1u1 · · · uk−1 and x2u1 · · · uk−1 be two Pk’s (k4) in G, which satisfy the
supposition of Claim 1. We will distinguish the following two cases.
Case 1: k=4.We consider f (x1u1u2u3), f (x2u1u2u3), f (u1u2u3y1) and f (u1u2u3y2).
Suppose that f (x1u1u2u3) and f (x2u1u2u3) do not have a common middle edge. By
Claim 3, f (x1u1u2u3), f (x2u1u2u3), f (u1u2u3y1) and f (u1u2u3y2) form a C4 in G′
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(denoted by C′), say f (x1u1u2u3) = abcd, f (x2u1u2u3) = cdab, f (u1u2u3y1) = bcda,
f (u1u2u3y2) = dabc. Since G ∈ G4, there are two vertices p, q ∈ N(x1) and a vertex
z ∈ N(u2)\u3 such that px1u1u2, qx1u1u2 and x1u1u2z are P4’s inG. If f (x1u1u2u3) and
f (x1u1u2z) have a common middle edge, we have f (x1u1u2u3) and f (x1u1u2z) have a
common P3, say abc, since both f (x1u1u2u3) and f (x1u1u2z) are adjacent to f (px1u1u2)
in G′. Without loss of generality, let f (x1u1u2z) = abce. So, f (x1u1u2z) is adjacent to
f (u1u2u3y2) in G′, but x1u1u2z is not adjacent to u1u2u3y2 in G, a contradiction to the
fact that f ∈ 4(G,G′). If f (x1u1u2u3) and f (x1u1u2z) do not have a common middle
edge, by Claim 3, f (x1u1u2u3), f (x1u1u2z), f (px1u1u2) and f (qx1u1u2) form a C4
in G′ (denoted by C′′). Obviously, C′ = C′′, we have that f (x1u1u2z) = f (x2u1u2u3), a
contradiction to the fact thatf : 4(G) → 4(G′) be a bijectivemapping. Sof (x1u1u2u3)
and f (x2u1u2u3) have a common middle edge.
Case 2: k5. We consider f (x1u1 · · · uk−1), f (x2u1 · · · uk−1), f (u1 · · · uk−1y1) and
f (u1 · · · uk−1y2). Suppose that f (x1u1 · · · uk−1) and f (x2 u1 · · · uk−1) do not have a
common middle Pk−2. Since f (x1u1 · · · uk−1) (or f (x2u1 · · · uk−1) ) is adjacent to both
f (u1 · · · uk−1y1) and f (u1 · · · uk−1y2), which have no common middle Pk . we know that
the common middle Pk−2 of f (x1u1 · · · uk−1) (or f (x2u1 · · · uk−1) ) must be the common
Pk−2 of f (u1 · · · uk−1y1) and f (u1 · · · uk−1y2). Let f (x1u1 · · · uk−1)=abc · · · de.We can
sayf (u1 · · · uk−1y1)=mabc · · · d andf (u1 · · · uk−1y2)=bc · · · den.Thenf (u1 · · · uk−1y1)
∩ f (u1 · · · uk−1y2) contains a Pk−2 bc · · · d and a P2 ma or en if ma = en. For k5,
the Pk−2 bc · · · d cannot be a P2. So f (u1 · · · uk−1y1) and f (u1 · · · uk−1y2) have only one
common Pk−2. Then f (x1u1 · · · uk−1) and f (x2u1 · · · uk−1) have a common middle Pk−2,
a contradiction to the hypothesis. So f (x1u1 · · · uk−1) and f (x2u1 · · · uk−1) have a common
middle Pk−2.
Thus, we have proved that f is GDS-preserving, which completes the proof. 
By induction on k and Theorems 1 and 5 as well as Theorem 9 [6], we can get the
following result.
Theorem 6. LetG,G′ ∈ Gk with k4. Then f ∈ k(G,G′) if and only if f is (∗)-induced
by an isomorphism of G onto G′, i.e., Pk(G) is isomorphic to Pk(G′) if and only if G is
isomorphic to G′.
Proof. From Theorem 5, we know that f ∈ k(G,G′) if and only if f is (+)-induced by
a Pk−2-isomorphism from G onto G′.
If k is odd, by induction on k we can get that f ∈ k(G,G′) if and only if f is (+)-
induced by a P3-isomorphism from G to G′. From Theorem 9 [6], the conclusion follows
immediately.
If k is even, also by induction on k we can get that f ∈ k(G,G′) if and only if f is
(+)-induced by aP2-isomorphism (i.e., an edge isomorphism) fromG toG′. FromTheorem
1, the conclusion also follows.
From the two cases the proof follows. 
From Theorems 2 and 6, we have the following Corollary.
Corollary 7. Let G,G′ ∈ Gk , k4. Then the Pk-transformation is one-to-one.
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